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Two diffiJsions are derived as the limits in finite dimensional distributions of ay- 
propriately conditioned and scaled critical age-dependent branching processes. A technical 
lemma about the asymptotic behavior of the joint generating function is used to over- 
come the difficulties introduced by the non-Marov nature of the process. The results 
are extensions of those of Lamperti and EJey (5) for Galton-Watson processes. Also, 
the “agedependent Q-process” is defined and its transition probabilities obtained. 
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1. Introduction 
Let Z(t) be a critical age-dependent branching process with particle 
production generating function f(s), satisfying f’( 1 j = 1 and f”( 1 -) = 
a2 < 00 and with lifetime di&bution G(a) satidyinp, lim t2( 1 -G(t)) = 
0, and p = J,“tdG(t) < 00. Let K = a2/2~. 
By conditioning on non-extinction at time t, resealing, and let’ting 
t + QD we obtain the following theorem. 
Theorem 1.1. Iff’(1) = 1, K < ~0, and lim t2(1 -G(t)) = 0, t?zen the 
finite dimensional distributions of 
i 
CT) = of”o(t),z,(t)> 0. (1) ! 
ocess wit roperties stat- 
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i 
Two eases are distinguished: ~0 2, 0, and x0 = 0 which is essentially 
the same as Z,(O) = 1. 
We now turn to a wholly different method of obtaining a non-de- 
generate limiting process. Rather than conditioning on survival until 
time t, we work with a new’process Q with probabilities obtai:led by 
conditioning the 2 process on “infinite survival”. 
More precisely, let 
P[QEE] = lim P[ZE ElZ(T) > 01. 
T-00 
We call Q(t) an ag&ependen t Q-process. 
Theorem 1.2. Iff’( 1) = 1, K < =, and lim t2( 1 -G(t)) = 0, then the 
finite dimensional distributions of 
y (T) Qt(tn 
t = 
Kt 
Q,(O) = Kyot + o(t), T23: 0 (2) 
converge, as t + w, to those of the diffusion process (Y(T); T 3 01 Y(0) 
= y. }, with initial state yo, infinitesimal mean 2, and infinitesimal 
variance 2y . . 
2. Preliminaries l 
Let F(s, t) be the generating falnction of Z(t), i.e., 
F(s, t) = I& sj P[Z(t) = j ] 
j=O 
(3) 
and le!t 
= . . . 
ir i2 
[Z(tl)=jl,Z(tl +t2)=j2...., 
(tl +t2 +...+Q = jJ (4) 
imsnsional joint enerating function. 
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The following lemma relates joint generating functions to composi- 
tions of simple generating functions and enables the explicit calcula- 
tion of certain types of asymptotic expressions that regularly occur in 
the derivation of limit theorems for critical age-dependent branching 
processes. 
We use the following notation for the continued fraction associated 
with a sequence {Xi; i = 1,2, . ..} : 
yl(xl) = l/xl, and having specified yn(xI, x2, . . . . x,), let 
1 
Y n+l (xl~"'~xn+~)=Yn(x~~~~~,xn_l,~n +x,,1)* 
Lemma 2.1 (Esty [3]). Let 0 < di < 00, ti = dit, and 0 < si(t) < 1 SUCK 
that lim Kt( l-S&t)) = Lie 0 G Li < 00 for i = 1,2, . . . . If f ‘( 1) = 1, 
K C 00, and lim t2( 1 -G(t)) = 0, then writing si for si(t), 
lim t[l-F(sl,s2 ,..., sn; tl, t2 ,..., t,)] = 
t4w 
= lim t[ 1-F(s,F(s2F(...sn_1F(sn, t,), t, 1P .A, tz), tl)] - 
t-*= 
(5) 
with the interpretation that I/= = 0, i.e., if there exists a lowest index j 
such that Lj = e, then the limit (5) equals 
Note that this is > 0 if Li > 0 for at least one t. 
3. An age-dependent branching process diffusion 
.Iff’(l)= l,K< =, and lim t2 (1 --G(t)) = 0, then the 
finite dimensional distributions of 
converge, as t + t=, to those of a diffusion process 
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(.x(T);09 TG 1 IX(O)=x()). (8) 
‘The transition function F(x, s; y, s+ t) = [Y(s+t)< yIY(s)=x], 
s, t > 0, satisfies the Kolmogorov equations with infinitesimal mean 
a(t, x) and variance b(t, x) given by 
a(s, x) = 2 xl( l-4 
exp[x/( 1 -s)]---l; 
E@, x) = x(2+a(s, x)). (9) 
The transition function has associated density 
f(x, s; y, s + t) = 
,‘ 0 t- 1 z_ li2 Y exp[ -(x+y)/t]l 1 t,~~y)'/2itl-l-exp[-y~(1ns~t)1 ’ l-exp[-X/(1-s)] 
Z’ 
ifx> 0, 
‘(l-s)t2exp[--y/t](l-exp[-y&l-s-t)]) ifx=O (10) 
where I, is the Bessel coefficient of order 1 with imaginary argument. 
We will prove the theorem by obtaining the joint Laplace transforms 
and identifying them with those obtained in the Galton-Watson deriva- 
tion. The identification of the precise diffusion process with its infmite- 
simal mean and variance (9) and its transition function density (10) has 
already been accomplished by Lamperti and Ney [ 51 and will be stated 
as follows. 
Lemma 3.2. If 0 = To < T, < T2 <: . . . < ?‘k+l = 1 and di = Ti-Ti+ 
and the joint Laplace transform of the joint distribution of d process 
{X(T);OG TG 1) is 
-y2k+l Ml 8 ul, . ..s 
exPl-xoY2~ I --exPF--xgY2~+~ I 
-e -X0 
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writing yzk and y2k+l respectively for the two terms, then {X(T)} is 
the diffusion with properties detailed in Theorem 3.1. 
Remark 3.3. (12) is the transform of the process in Esty [ 31, condi- 
tioned on being > 0 at T = 1. 
Let Y,(T) be as in (7). Define 
k 
‘tk = & C U;Z,(tT,), 
i=l 
(13) 
where the Ui will e the variables of the joint aplace transform. 
Ifx 0 = 0, we may let the o(t) = 1, i.e., Z,(O) = 1. In this case we do 
not need the subscript since we do not need to consider a sequence of 
processes. 
L(Ul, . . . . uk; T,, . . . . Tk)= E [ eXp [- Zi ujyt(Ti)]) 
= E{eXp[-Wtk ] 12(o) = 1, z(t) > 0) 
=jl,e_~,.o( rx+j& c uih]) 
X P[Z(tTi) = ii; i= 1, l .-) k 1 Z(t) > O] . (14) 
Write the probability as 
P[Z(tTi)=i,;i= 1, . . . . k] - P[Z(tTi)=ji; i= 1, . . . . k, Z(t) = O] 
I-P[Z(t) = O] 
. 
UU 1 , l **. uk; 1’ l **8 k = T T) 
F(s,, l ... Sk; t,, . . . . tk)-F(s1, .-9, Sk, 0; tl, .-., tk+l) 
=------ 
l-F(0, t) 
where Si z exp[ ---Ui/Kr ] and ti = dit. 
Applying Lemma 2.1 with Li Kt( 1 -Si) = lim Kt(UJ 
i = 1, .*., k and Lk+l = 00, 
=Y2k+&, ul, -..P d,, Uk&l)--Y2#1, uy,..., d,, uk)- 
(l@ 
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By Lemma 3.2, Theorem 3.1 is proved if ~0 = 0. 
If ~0 > 0, instead of (15) we have 
UUl , l ..p $A k;T1,...,Tk)= 
vu 19 . . . . Sk; t,, . . . . tk)] 
q(o) - [F(q) m..p Sk,& tp’*? tk+l)l qw 
= _- 
1 - [F(O, t)p”! 
and by calculations imilar to (16), 
expb-qp2k 1 -exp[-xOY2k+ll 
1 ,_x, (17) - 
By Lemma 3.2, Theorem 3.1 is proved. 13 
4. The age-dependent Q-process 
Consider a (critical age-dependent branching process conditioned on 
never becoming extinct. More precisely, consider a process Q(t) with 
probabilities defined before Theorem 1.2. 
By the following argument (( 19)-(28)), if f’( 1) = 1, K < ~0, and 
lim t2( 1 -G(t)) = 0, then 
lim 
11-m 
P[Z(t, ) = i,, ii?! = i2, . . . . z(tk) = ik 1 i?+(o) = j, z(tk+t) > o]= 
[z(tL)=iL,z(:2)=i2,‘~.jZ(tk)=ik iz(o)=jl ) (18) 
I 
and these are jrobabilities associated with a process Q(t), and equal 
(t 1 1 = i,, (t2) = i2, . . . . 
et vent 
(t2) = i2, . . . . 
he left hand side of (18) becomes 
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lim P[ U I Z(0) = j, Z(t, + t) > O] = 
= lim P[ UI Z(0) =j] ( P[Z(tk + t) > 01 U, Z(0) = j] P[Z(t,+t)> 012(O) = j] ) _* (19) , 
The second term of the numerator may be bounded on either side. 
P[Z(t, + t) = 0 1 U, Z(0) = j] G [f(F(O, t))lik 
+ t) 0 all 
< a given 
< 
P[Z(t,+ > 0 1 Z(0) = j] = 1 --F’(0, tk + t) , 
1 -Lww, ml ik . lim = lim i~(l-F(O, 0) _ ik 
1 -@(O. t,+t) j( 1 -F(0, tk+t)) -7 ’ 
since f’( 1) = 1, and using Lemma 2.1 with tk fixed an& y1 = 1. Thus, 
A more subtle argument is required to obtain the inequality in the 
other direction. 
P[Z(t, + t) > 0 I U, Z(0) = j] = 
[Z(tk -t- t) > 0, none of the ik alive at tk live past tk+ d, 1 U, Z(0) == j] 
[Z(t, + t) > 0, at least one lives past tk + d, I u, Zf:O) = j] l (21) 
We will choose dt so large that the probability of the second term is 
o( l/t), since lim t2( 1 -G(t)) = 0, and yet d, = o(t) so that t-d, hr t aTid 
ction probabilities asymp- 
totic to those bo 
ik families must have a 
ability a given 
family does not isf(F(0, t-d,)). So the first term is not greater than 
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1 - [f(.F(O, t -$!$k (22) 
and the second term is not greater than 
‘P [at least one of the ik alive aa tk lives past tk + dt 1 U, Z(O) = j] . (23) 
If we let R&) be the longest possible remaining lifetime distribution 
of a particle aged < tk 9 then 
G(t,+x) -G(t,) 
inf Gto(xxa G&)= - 
to< tk 1 -G(t,) 1 
(23) and the second term of (2 1) are not greater than 
Thus 
1 - [&(dt)lik . (24) 
P[Z(t,+t) I> 0.1 u, z(0) = j] < 1-v(F(O, t-dt))lik + l-[Rk(dt)]ik. (25) 
The tail of& is not much worse than that of G since fk is fixed. Since 
lim t2( 1 -G(t)) = 0, letting d, = t314 yields lim t( 1 -Rk(d,)) = 0, and 
lim[(l-[R,(d,)]“)/(I-F”(O,tk+t))] = 0, 
by Lemma 2.1 also 
(26) 
ik 
lim[( 1 -If(JF(O, t-d,))] ik)/( 1 -F'(t), tk + t))] =T' 
Combining (25) and (19), 
(27) 
[uiz(o)=j,z(tk+t)>o] < ik [(lJIZ(0)=j]T. (28) 
Together (28) and (20) yie 
n en 
e critical age-dependent branching 
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the same for the age-dependent and Galton-Watson processes. Thus 
the corresponding limiting processes ought to be the same, The connect- 
ing link is Lemma 5.1 9 which relates the joint transform of the Q-pro- 
cess to that of the branching process. 
We now state this elementary lemma without proof. 
Lemma 5.1. Let Dik’ be a k-dimensional joint distribution on [ 0, m) 
such that Dik’ converges weakly to Dbk’ and 
lim r f ._. i UkDlk, (dul, du2, .*., duk) = 
t3Q 0 0 
UkDbk’ (duI, du,, . . . . duk) . 
00 0 
Let 
p’ p2 ..f” UkDik) (du,, du2, . . . . duk) 
G,(ql,!#z,--,(Ik)= ’ ’ ’ ( 9) 2 0 00 Q) 
J $ . . . J tk) UkD, (dq, d”z, .-.y duk) 
00 0 
Then G, converge weakly to Go. 
The following implicit result of Lamperti and Ney [ 5 ] serves to 
identify the diffusion in Theorem 1.2. 
Lemma 5.2. rfyo > 0, let 
5 l *-, y,) = [ZF)/Kfl< yi; i= 1, . . . . 
i 
k I Zf) = KyOn+o(n)], (30) 
and ifyo = 0, let 
D(k)0,1, l **, ,yk) = n 
= I;’ = o(n) > 0, z;+ > 
i 
W at the associate 
is the jo?nt distribution of the diffusion in Theorem 1,2, 
0, of (2% 
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Proof of Theorem 1.2, If y0 > 0, let 
Dlk,(yl ?l **, yk) = 
= P[Z,(tT,)JKt < yi; i = 1, . . . . kl Z,(O) = 
Dck) of Lemma 5 2 is the Galton-Watson version of (32), and tb 
labn of the associated Laptace transform isas in 4 17). Recalling that 
the joilnt trarnsform for a Galton-Watson process i the composition of
the transforms, we see immediately that (5) is identically true for Gal- 
ton-Watson processes, and hence Dik) and Dik) converge weakly to 
the same limit. Thus Dik) converges weakly to Dbk) and 
G, converges weakly to Go3 the joint distribution of the difi 
fusion in (2), by Lemmas 5.1 and 5.2. (33) 
We now show that G, is thr: joint distribution of the Q-process of
(2). Ify, > 0, bv Lemma 5.1, . 
1, . . . . yk) = 
=(J+, +$)):’ $ . . ..g ;tP[Zt(tq)=h;i= l,...,k IZ,(O)= 
since the denominator is just 
1 Z,(O) = Kyot + s(t) . 
Kt I 
Thus, by (US), 
KtYk 
[QJT,) = jl; i = 
which, by the definition of Y,(T,) in Theorem 1 l
eorem I .2 follows when y,, ? 0, by (33). 
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If yO = 0, let 
(37) 
up to (36). Dikj of (3 1) is the 
similar to the distribution 
(there Z,(O) = 1, not o(t)). 
of Lemma 5.2, and 
es weakly to GO. (38) 
ntify G,. By Lemma 5.1, 
(39) 
P[Z,(tT,) ‘ii;‘= 1) . ..) klZ,(o)=o(t)>O,Z,(tT,)> o] 
=ji;i= 1, . . . . klZ,(o)=o(t)> o,z,(tT,)> o] 
Th nominator isjust 
in 
220 
and 
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Gt&, . ..b ,yk I=: 
[Z,(tT,)> olz,(O)=o(t)> 01 
(o(t)/~t)lPIZ,(tT,)> olz,(o)=o(t)> 0) 
Ct = P[ Yt(Ti) < yi; i = 1, ..a, k] 9 (40) 
bY (18). 
Thus -[ Y,(T)} converges in finite dimensional distributions to (Y(T)} 
by Lemma 5.2. 
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